Neutrino clustering around spherical dark matter halos by LoVerde, Marilena & Zaldarriaga, Matias
ar
X
iv
:1
31
0.
64
59
v2
  [
as
tro
-p
h.C
O]
  4
 Ju
n 2
01
4
Neutrino clustering around spherical dark matter halos
Marilena LoVerde1 and Matias Zaldarriaga2
1 Enrico Fermi Institute,
Kavli Institute for Cosmological Physics,
Department of Astronomy and Astrophysics,
University of Chicago, Illinois, 60637, U.S.A.
2 School of Natural Sciences,
Institute for Advanced Study,
Princeton, New Jersey, 08540, U.S.A.
marilena@uchicago.edu, matiasz@ias.edu
Cold dark matter halos form within a smoothly distributed background of relic neutrinos – at
least some of which are massive and non-relativistic at late times. We calculate the accumulation of
massive neutrinos around spherically collapsing cold dark matter halos in a cosmological background.
We identify the physical extent of the “neutrino halo” in the spherical collapse model, which is large
in comparison with the virial radius of the dark matter, and conditions under which neutrinos
reaching the cold dark matter halo will remain bound to the halo at late times. We calculate the
total neutrino mass and bound neutrino mass associated with isolated spherical halos for several
neutrino mass hierarchies and provide fitting formulae for these quantities in terms of the cold dark
matter halo mass and the masses of the individual neutrino species.
PACS numbers: 98.80.-k, 95.85.Ry,95.35.+d
I. INTRODUCTION
Current cosmological data sets demonstrate that the large-scale properties of the Universe, the anisotropies
in the cosmic microwave background (CMB) radiation for instance [1–4], can be very accurately characterized
by a flat, Λ cold dark matter (CDM) cosmology. The standard cosmological model predicts the existence
of a cosmic neutrino background with the relic abundance of each of the three neutrino species comparable
to the photon number density today (n¯1ν ≈ 3/11 n¯γ) and with temperature Tν ≈ 1.95K or 1.7 × 10−4eV
(see, e.g. [5, 6] for a review). The cosmic neutrino background contributes to the radiation density when the
neutrinos are relativistic. Constraints on the relativistic degrees of freedom from CMB data and big bang
nucleosynthesis are indeed consistent with three relativistic neutrino species at early times [1–4], providing
evidence for a neutrino contribution to the radiation density in the early Universe. Neutrino oscillation data,
however, require that at least one of the neutrino species have mass mν ≥ 0.048eV and therefore at least one
of the neutrino mass eigenstates behaves cosmologically as a nonrelativistic dark matter component today.
The constraints on neutrino mass from Tritium β decay in combination with the neutrino oscillation data
require mνi ∼< 2eV so that all three neutrino mass eigenstates are relativistic at least until the transition to
matter domination [7]. The influence of massive neutrinos on cosmological data is at present undetected. The
upper bound on the sum of the neutrino masses from cosmology data ranges from
∑
imνi ∼< 0.2eV − 1eV ,
depending on the data set [1–4, 8–14]. Some analyses, however, find that hints for massive neutrinos with∑
imνi ∼ 0.4eV may already be present in the data [15].
Any primordial fluctuations in the neutrino density will be washed out on scales below the neutrino free-
streaming scale [16, 17]. Nevertheless, even for the minimum mass (of the most massive) neutrino, mν ∼
0.05eV , a significant fraction of neutrinos will have velocities comparable to, and less than, the escape velocity
for massive halos today allowing them to participate in gravitational clustering at late times (Fig. 1). Moreover,
we shall see that even at earlier times some fraction of the neutrino population is moving slowly enough to
be captured by a collapsing halo.
In this paper we explore the accretion and clustering of massive neutrinos around CDM halos. We restrict to
2the simplest possible model of a cold dark matter halo: a spherical top-hat density profile following the usual
spherical collapse solution solved in a νΛCDM background [18] (see [19] for inclusion of massive neutrinos).
The spherical top-hat density profile is of course an unrealistic description of a dark matter halo, but is
nevertheless useful because it provides a complete description of dark matter halo formation in a cosmological
context. Within the spherical collapse model, we determine the boundary of the “neutrino halo”– which
extends to a much greater radius than the virial radius of the CDM, calculate the neutrino mass clustered
around the CDM halo, the neutrino mass interior to the virial radius, and the neutrino mass that remains
bound within the halo into the Λ-dominated era. Our results can be used to estimate the neutrino mass
around CDM halos (we provide fitting formulae in Eq. (24) and Eq. (25)) and incorporate some effects of
non-linear clustering of massive neutrinos into standard spherical collapse calculations.
Before proceeding we discuss some related literature. Using the approach of Gilbert [20], Brandenberger,
Kaiser, and Turok (BKT) [21] used a linearized solution to the Boltzmann equation to determine the density
profile of neutrinos around cosmic strings. The BKT method was applied by Singh and Ma [22] to study the
neutrino density profile around cold dark matter halos described by a Navarro, Frenk, and White (NFW)
profile [23]. This method is one of several approaches we take to computing the neutrino mass around our
halos in §III. Abazajian et al [24] applied the BKT methodology to determine the neutrino density profile for
their halo model of the CDM plus neutrino power spectrum. While we focus on individual halos, it is worth
noting analytic studies of the halo and matter power spectra in mixed dark matter (ν +CDM) cosmologies:
Saito et al [25], as well as Wong [26] and Upadhye et al [27] developed perturbation theory techniques for this
purpose. More closely related is Ringwald and Wong [28]. Ringwald and Wong performed a comprehensive
calculation of massive neutrino clustering around static NFW profiles with a more accurate calculation than
the BKT method, dubbed the “N-1-body” method, and we take a similar approach in §III C. Ringwald and
Wong noted that the linearized approximation of [21, 22] underestimates the clustering of neutrinos for very
massive halos and/or neutrinos with large masses and our results are in agreement.
A number of authors have developed different techniques for studying the effects of massive neutrinos on
CDM structure growth in N-body simulations: (i) through modification of the initial CDM power spectrum
and background evolution (see e.g. [27, 29] and references therein) (ii) using hybrid perturbation theory + N-
body schemes (e.g. [30–33]), (iii) and/or by starting the simulations at late times and directly including warm
dark matter particles sampled from the neutrino phase space (e.g. [30, 31, 34–37]). Where applicable, we
make comparisons with the recent work of Villaescusa-Navarro et al, [37], who use CDM + neutrino particles
in N-body simulations to study clustering of massive neutrinos around CDM halos at late times.
N-body simulations are the community standard for modeling and interpreting data. Nevertheless, semi-
analytic descriptions of structure formation, such as spherical collapse, remain useful because they aid un-
derstanding of different physical effects and can more readily be extended to alternative cosmological models.
Our main goal here is to model the behavior of massive neutrinos around an individual halo through the
process of halo formation, albeit within the simplified spherical collapse model. Our results are therefore
complementary to [22, 28], who focused on determining the local density of neutrinos within static halos and
to [37] who exclusively use N-body methods.
An outline of the paper is as follows. In §II, we study the dynamics of individual neutrinos near a spherical
top-hat halo and determine the physical extent of the neutrino halo. In §III we determine the neutrino mass
and bound neutrino mass interior to the boundary of the neutrino halo and the boundary of the CDM density
perturbation using several different methods: an approximate solution of the Boltzmann equation §III A, an
“absorbing barrier” model for the accretion of bound neutrino mass §III B, and finally an exact Boltzmann
calculation for neutrinos in an external halo in §III C. In §IV we present our final results for the total mass
of the neutrino halo as a function of CDM halo mass for different neutrino mass hierarchies. We conclude
in §V. Throughout the body of this paper we make the approximation that neutrinos that cluster can be
treated by Newtonian mechanics: relativistic expressions and justification of the Newtonian limit is given in
Appendix §A. A discussion of what, precisely, we take as the definition of a neutrino being “bound” to a halo
is in Appendix §B.
3In the plots and numerical examples shown throughout this paper with use Planck [1] values of the standard,
flat ΛCDM cosmological parameters: Hubble parameter h = 0.67, cold dark matter (CDM) density Ωch
2 =
0.1199 and baryon density Ωbh
2 = 0.022. In the calculations throughout this paper we treat baryons as
CDM , that is Ωc|this paper = (Ωc +Ωb)|true.We assume three species of massive neutrinos with variable masses
mν1, mν2 and mν3. Massive neutrinos contribute a fraction Ωνh
2 ≈ ∑imνi/(94eV ) to the critical energy
density so for fixed CDM and baryon densities, changing the neutrino masses leads to a different total matter
(Ωm = Ωc+Ωb+Ων) density today. We adjust ΩΛ to keep the Universe flat, that is ΩΛ = 1−Ωc−Ωb−Ων−Ωγ .
We consider several representative scenarios for the neutrino masses that are approximately compatible with
neutrino oscillation data. We solve for the background cosmology and spherical halo collapse self-consistently
for each set of neutrino masses. The sets of neutrino masses we consider are: “normal hierarchical” mν1 =
0.05eV , mν2 = 0.01eV , mν3 = 0.0eV ; “inverted hierarchical” mν1 = 0.00eV , mν2 = 0.05eV , mν3 = 0.05eV ;
and number of “degenerate” scenarios: mν1 = mν2 = mν3 = 0.10, 0.20, 0.40, 0.60, 0.80eV [7].
For the halo evolution we use the spherical collapse solution for Rc(t), a sphere enclosing a constant massM
of cold dark matter, calculated for a general νΛCDM cosmology with the parameters described above. Our
method of calculating Rc(t) largely follows [19, 38]: on super-horizon scales we use the perturbed Friedmann
equation with adiabatic initial conditions for the density perturbations in each component; we use this solution
up until horizon crossing, and from then on we use the acceleration equation for Rc(t). During the subhorizon
evolution we neglect perturbations in anything other than CDM (for exact details see [39]). In this paper we
are interested in neutrino accretion during and after halo collapse, but the spherical collapse solution sends
Rc(tcollapse) → 0, which is unphysical. We handle this as follows: for t ≥ tvir we set Rc(t) = const. = Rvir,
where Rvir = Rmax/2 and Rc(tvir) ≡ Rvir . We choose this form for the halo (constant Rc after virialization)
so that the CDM mass density inside the halo is constant after virialization. We note that the neutrinos
reaching the halo will have originated at distances r ≫ Rc, so for most of their journey they are completely
insensitive to precisely how we treat the halo potential interior to Rc; i.e. their equation of motion just sees
∇Ψ ∼ GM/r2rˆ.
II. DYNAMICS OF A SINGLE NEUTRINO
For a neutrino trajectory to be significantly perturbed by a dark matter halo it must be non-relativistic so
we can safely use the Newtonian equation of motion (see Appendix §A for a more in-depth discussion of the
relativistic and Newtonian equations of motion). The equation of motion for a non-relativistic particle in an
expanding Universe is,
dv
dt
= −∇r (ΨH(r, t) + Ψpec(r, t)) (1)
where r is the proper distance, v is the physical velocity (including both Hubble and peculiar velocity which
we denote by u), ΨH is the potential due to the Hubble flow, Ψpec is the peculiar gravitational potential, and
we’ve neglected terms proportional to Ψ˙. The Hubble potential is given by
ΨH(r, t) = −1
2
(
H˙ +H2
)
r2 (2)
where ˙ indicates the derivative with respect to time. The Hubble potential vanishes only for a particle at
r = 0. For a spherical top-hat CDM density perturbation of mass M and (proper) radius Rc the peculiar
gravitational potential is
Ψpec(r, t) =
{
GδM
2
r2
R3c
for r ≤ Rc
−GδMr + 32 GδMRc for r > Rc
(3)
where δM = M − 43piR3cρc and ρc is the mean density of cold dark matter. Note that we have made the
non-standard choice of setting the potential to zero at r = 0, as opposed to r = ∞. We have done this
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FIG. 1: Comparison of the peculiar velocity of neutrinos to the depth of the gravitational potential well for different
halo masses. Left: Thick solid curves are ∆Ψ ≡ 3
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13M⊙, = 10
14M⊙,
= 1015M⊙ that virialize at roughly the same time (indicated by the vertical line). For each neutrino mass we plot
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u2 where u = 3.151Tν/mν – the average magnitude of the peculiar velocity for neutrinos drawn from a Fermi-Dirac
distribution with temperature Tν = 1.95K. Right: The distribution of neutrino velocities today for different neutrino
masses (in the non-relativistic limit p = mνu). Black vertical lines show the depth the potential wells
√
2∆Ψ.
so that net (Hubble plus peculiar) potential is defined as the amount of work done in moving a particle
from the origin to a distance r at a fixed time. Interior to Rc, the total potential due to CDM is just
ΨH +Ψpec|CDM only = 14H2r2Ωc(1 + δ) where δ ≡ δM/(43piR3cρc) and Ωc is the critical density of CDM.
Alternatively, we can write Ψ|CDM only = 32GMr2/R3c which makes it clear that inside of a virialized halo
(Rc = const) the potential is constant if only CDM is present.
Substituting Eq. (2) and Eq. (3) into Eq. (1) we see that when a particle is within Rν of the center of the
halo, the force of the potential due to the halo dominates over the Hubble expansion where
Rν =
∣∣∣∣∣∣
Ωcδ
2
(
1 + H˙/H2
)
∣∣∣∣∣∣
1/3
Rc (4)
which has a particularly simple form in Einstein de Sitter (Ωm = 1),
Rν |EdS = δ1/3Rc (5)
For a virialized halo during matter domination δ ∼ 200 and 1 + H˙/H2 = −0.5 giving Rν ∼ 8Rc. For
our assumed potential in Eq. (3), a matter-dominated solution for Rν (a radius at which the halo potential
dominates over the background during matter domination [46]) exists only for Rν > Rc(t). Note that the
presence of the cosmological constant qualitatively changes the behavior of particles approaching the halo: at
the transition between matter domination and Λ domination, 1+H˙/H2 passes through zero sending Rν →∞.
At late times in a ΛCDM Universe, the force of ∇ΨH opposes ∇Ψpec and Rν indicates the radius at which
the two forces cancel. At late times (after a¨/a > 0) Rν is an upper bound for orbital radii of particles bound
to the halo.
In Fig. 2 we plot the solutions to Eq. (1) for particles on radial trajectories through the center of a collapsing
halo. We assume a spherical top-hat density profile for the dark matter halo defined by radius Rc(t) that
follows the usual spherical collapse solution (as described in §I). Also plotted are the scale at which the
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FIG. 2: Left: Solid colored lines are trajectories of mν = 0.05eV neutrinos on radial paths through a collapsing halo
of mass M = 1014M⊙. The different colors indicate neutrinos with different velocities at the time that they reach
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brown line (that diverges when a¨/a→ 0) is Rν(t), the scale at which the gravitational force of the halo dominates over
the background (see Eq. (4)) and another scale r∗(t) is shown in the dashed gray line. Right: The total gravitational
potential (the sum of ΨH in Eq. (2) and Ψpec in Eq. (3)) plotted at several different times. Rν(t) at each time is
indicated by the dashed vertical line of the same color.
gravitational force of the halo dominates over the background, Rν(t), and another scale r∗, defined through
r∗ =
{
|Ωcδ|1/3Rc for Ωcδ ≥ 1
Rc(t) else
. (6)
For Ωcδ ≥ 1 this definition is equivalent to Ψpec(r∗, t)−Ψpec(r =∞, t) = 12r2∗H2, that is the radius at which
the peculiar velocity due to the halo is equal to the Hubble flow. Note that for Ωcδ ≥ 1,
dr∗
dt
=
(
1 +
P
ρ
+
1
δ
(
1−H−1d lnRc
dt
))
Hr∗ (7)
and
dRν
dt
=
(
1
δ
(
1−H−1 d lnRc
dt
)
− H
−1
3
d ln a¨a
dt
)
HRν (8)
So, for δ ≫ 1, r∗ and Rν grow with the Hubble flow during matter domination and approach constants during
Λ domination.
Throughout this paper we use r∗ to characterize the scale of the neutrino halo. We note that while we
sometimes refer to the scale r∗ as the “boundary of the neutrino halo,” this is a slight abuse of notation
because r∗ does not actually depend on any neutrino properties – it is determined solely by Ψpec and ΨH .
Another important point is that r∗ describes the radius of the sphere of gravitational influence of an isolated
CDM halo in an expanding universe, but real halos are not isolated objects. In a cosmological context, the
gravitational effects of nearby structure may well become important within r∗ and truncate the neutrino halo
at a smaller radius.
6III. NEUTRINO CLUSTERING AROUND A SPHERICAL HALO
In this section we study the clustering of neutrinos around dark matter halos. Throughout we assume
that gravitational effects of neutrino clustering can be neglected when calculating the neutrino trajectories.
We shall see that even in the most clustered cases the neutrino mass remains below a few percent of the
CDM mass interior to the halo (< Rc) so this approximation should be justified. In this limit, the clustering
of each neutrino mass eigenstate can be considered separately. In the example plots in this section we
calculate the background cosmology (and evolution of the CDM halo radius Rc) for a cosmology that includes
massive neutrinos with the following mass spectra: for mνi ≥ 0.1eV , we have assumed a degenerate spectrum
with mν1 = mν2 = mν3, and the plots showing mνi = 0.05 assume the masses follow a normal hierarchy
mν1 = 0.05eV , mν2 = 0.01eV and mν3 = 0eV .
For a single species of non-relativistic neutrino with mass mν , the total neutrino mass interior to a proper
radius r is given by
Mν(< r) = mν
∫
Vx
d3x a3(t)
∫
Vp
d3p
(2pi)3
f(x,p, t) (9)
where x is comoving position, p the momentum (p = mνu/
√
1− u2 ≈ mνu where u = v−Hr is the peculiar
velocity), Vx =
4
3pir
3(t)/a3(t) is the comoving volume, and Vp is the (infinite) volume in momentum space.
At late times the neutrino distribution function, f(x,p, t), satisfies the non-relativistic Boltzmann equation:
∂f
∂t
+
p
amν
· ∇xf −
(
p(H − Ψ˙pec) +mν/a∇xΨpec
)
· ∇pf = 0 . (10)
Hereafter we neglect the Ψ˙pec term (see Appendix A).
The unperturbed neutrino distribution function is given by the relativistic Fermi-Dirac distribution leftover
from decoupling:
f0(p, a) ≡ 2
eap/Tν + 1
so n¯1ν = 3ζ(3)T
3
ν /(2pi
2) ≈ 112/cm3 (11)
where Tν ≈ 1.95K is the neutrino temperature today (with a = 1) and n¯1ν is the comoving number density
of one neutrino and anti-neutrino species. In the next few subsections we use different methods to recover
expressions for the perturbed neutrino distribution function, f(x,p, t) = f0(p, a) + f1(p,x, a) so that we may
determine Mν(< r).
A. Approximate solution to the Boltzmann equation from BKT
In this section we calculate the clustered neutrino mass around a dark matter halo using the approximate
solution to the Boltzmann equation for non-relativistic particles from Brandenberger, Kaiser, and Turok
(BKT) [21] (see also [22, 28, 33]). Following [22, 28, 33], we change variables in Eq. (10) to q = ap and
write the distribution function as a sum of two terms f(q,x, t) = f0(q) + f1(q,x, t) where f0 satisfies the
homogeneous Ψpec = 0 equation. With these changes the Boltzmann equation for non-relativistic neutrinos
becomes
∂f1
∂t
+
q
a2mν
· ∇xf1 −mν∇Ψpec · ∇q(f0 + f1) = 0 . (12)
The approximation made in [21] and [22], which we refer to as the BKT approximation, is to drop the final
∇qf1 term. In this limit Eq. (12) is solved by
f1(x,q, t)|BKT = −2
mν
Tν
∫ t
t0
dt′
eq/Tν
(eq/Tν + 1)2
qˆ · ∇yΨpec(y, η′)|y=x−q(η−η′)/mν (13)
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8where η is a new time variable defined by a2dη = dt so that qη/mν is the comoving distance traveled by a
(non-relativistic) neutrino along the unperturbed (Ψpec = 0) trajectory.
For our assumed top-hat density perturbation this gives
f1(x,q, t)|BKT = 2
mν
Tν
∫ t
t0
dt′
a(t′)
eq/Tν
(eq/Tν + 1)2
GδM(t′)
x2
(
α
q
Tν
− qˆ · xˆ
)
(14){
a3(t′)x3
R3c
Θ
(
x2(1 + q2/T 2να
2 − 2q/Tναxˆ · qˆ) < R2c(t′)/a2(t′)
)
+
Θ
(
x2(1 + q2/T 2να
2 − 2q/Tναxˆ · qˆ) ≥ R2c(t′)/a2(t′)
)
(1 + q2/T 2να
2 − 2q/Tναxˆ · qˆ)3/2
}
where Θ is the Heaviside step function and we have defined α ≡ Tν(η−η′)mν |x| .
With Eq. (14) in hand, we can calculate the neutrino density perturbation and mass flux at proper position
r, along with the neutrino mass fluctuation interior to r in the BKT approximation:
δρ(r, t)|BKT = mν
∫
d3q
(2pi)3
f1(q, r/a, t)|BKT , (15)
〈urρν(r, t)〉|BKT ≡ −
1
a(t)
∫
d3q
(2pi)3
q · rˆ f1(q, r/a(t), t)|BKT , (16)
δMν(< r, t)|BKT = mν
∫
Vr/a3
d3x
∫
d3q
(2pi)3
f1(q,x, t)|BKT . (17)
Equation (17) allows us to calculate the neutrino mass profile and check that the radius r∗ is a reasonable
boundary for the neutrino halo. We can also determine where the neutrino mass that accumulates in the halo
at time t originated from at t→ 0. These quantities are shown in Fig. 3. We see that r∗ is indeed an accurate
characterization of the extent of the neutrino perturbation around the halo with radius Rc (see also [37]).
Note also, that (as we’ll show in §III C) at small radii the BKT approximation grows increasingly inaccurate
with increasing mν . Figure 3 also illustrates that neutrinos within r∗ originate at a range of distances on
either side of the particle horizon.
The neutrino mass interior to Rc and r∗ at the time of halo collapse calculated using the BKT approximation
is plotted in Fig. 4. We find that for neutrinos with typical velocity fast compared to the escape velocity
of the halo the neutrino mass interior to r∗ scales roughly as, δMν ∝ m5/2ν M3/2, and for neutrinos with
typical peculiar velocities slower than the escape velocity, δMν ∝ m2νM4/3. As we show in §III C, the BKT
approximation significantly underestimates the mass interior Rc for mν ∼> 0.1eV so the results for δMν(< Rc)
should be interpreted with caution.
B. Neutrino capture: “Absorbing barrier” model of the accretion of bound neutrinos
The approximate solution for f1 in §III A does not account for neutrinos whose trajectories are significantly
perturbed by the halo; in particular it does not properly treat neutrinos that are gravitationally bound to the
halo (e.g. the neutrinos with orbiting trajectories such as in Fig. 2). In this section we develop a model for the
rate of accretion of bound neutrinos that we can use to determine the mass in neutrinos that is gravitationally
bound to the CDM halo.
Equation (9) and Eq. (10) can be used to get an expression for the neutrino accretion rate at r∗,
dMν(< r∗)
dt
= 4pir2∗
(
dr∗
dt
−Hr∗
)
ρ(r∗, t)− 4pir2∗a(t)
∫
d3p
(2pi)3
p · rˆf(x,p, t) (18)
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FIG. 5: Left: The accreted bound neutrino mass (from a single neutrino species) within radius r∗ at the collapse time
as a function of CDM halo mass calculated using Eq. (18), Eq. (19), and Eq. (20). The value of δMν depends on
the halo collapse time and for each (mν , M) we plot points with a range of zcollapse values; they are zcollapse = 0
(solid), 0.5 (dashed), 1 (dot-dashed), and 1.5 (dotted). For mν ∼< 0.2eV , the bound neutrino mass scales roughly as
δMν(< r∗, tcollapse) ∝M2m4ν whereas for higher neutrino masses the scaling is closer to δMν(< r∗, tcollapse) ∝M3/2m3ν .
Right: A subset of the trajectories of mν = 0.05eV neutrinos captured by a M = 10
14M⊙ halo. Also plotted are
the radius of the CDM halo Rvir today (solid) and our definition of the boundary of the neutrino halo r∗ (dotted) at
z = 0.
where we have used the divergence theorem and assumed f vanishes on the momentum boundary, i.e. f(p =
±∞). In principle to calculate dMν/dt from Eq. (18) we need to know the full non-linear distribution function
for the neutrinos, f(x,p, t). However, we can simplify things considerably by treating the sphere of radius r∗
as an absorbing barrier for neutrinos with velocities |u| = |p/mν| < uesc,± where uesc,± is the escape velocity
of the halo. That is, let f = 0 for |p/mν| < uesc,± and p/mν · rˆ > dr∗/dt− r∗H (outward trajectories) but let
neutrinos with |p/mν | > uesc leave r∗ in the same abundance that they enter so that they do not contribute
to dMν/dt. This approximation is useful because we only need to determine the f(r∗,p, t) for particles that
are entering r∗ for the first time.
Since we have defined r∗ as the boundary between the regions where the halo potential dominates and
the Hubble flow dominates, we set f(r∗, p, t) = f0(p, t). Now, in the absorbing barrier approximation the
accretion rate of bound neutrino mass can be calculated from
〈ur(r∗, t)ρν(r∗, t)〉|bound = −
Tν n¯1ν
3ζ(3)a4
∫ 1
0
dµµ
∫ xmax
xmin
dx
x3
e|x| + 1
(19)
〈δρν(r∗)〉|bound =
mν n¯1ν
3ζ(3)a3
∫ 1
0
dµ
∫ xmax
xmin
dx
x2
e|x| + 1
(20)
where xmax(µ,M, t) = mνmin(dr∗/dt − r∗H∗, uesc,+(µ))a/Tν and xmin = mνuesc,−(µ)a/Tν . Note that
Eq. (19) and Eq. (20) do not make any assumptions about the form (spatial or temporal dependence) of
the dark matter halos – that information, if relevant, goes into determining u±. From Eq. (19) and Eq. (20)
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we can get a rough estimate of the neutrino accretion rate,
dδMν
dt
∣∣∣∣
bound
= 4pir2∗
(
dr∗
dt
−Hr∗
)
〈δρν〉|capture + 4pir2∗ 〈urρν〉|capture (21)
≈ ρν,massiver
6
∗H
4
∗
u3th
(22)
which is similar to the usual Bondi accretion formula [40] with cs = uth = Tν/(amν). In this limit dδMν/dt ∝
m4ν δM
2. During matter domination the accretion rate is roughly constant with time in linear regime (δ << 1)
and also after virialization. The accretion rate approaches zero during Λ domination.
To determine the accretion rate of bound neutrino mass we find the uesc± directly by calculating trajectories
of neutrinos with a range of peculiar velocities at r∗ and selecting the range of values of u for which neutrinos
are bound at the final time (see Appendix B for details). We calculate the net accreted neutrino mass
by integrating Eq. (19)-(20) with the escape velocities as found numerically in Appendix B. Including a
perturbation to the phase space distribution in Eq. (18) calculated from the BKT-approximation changes the
final value of δMν |bound by ∼< 25%. The ∼ 25% difference between including an f1|BKT term and using f0
only in Eq. (18) occurs for mν = 0.8eV and M = 10
15M⊙, for masses ∼< 0.2eV the difference is ∼< 10% and
in all cases it is dominated by the 〈urρν〉 term. Our calculations of the bound neutrino mass do not exceed
the Gunn-Tremaine bound [28, 36, 41, 42].
Results for the bound accreted neutrino mass are plotted in Fig. 5. For neutrino masses that are compatible
with cosmological bounds (mνi ∼< 0.1−0.2eV ) the bound neutrino mass remains small in comparison with the
halo mass (∼< 1% even for M = 1015M⊙). On the other hand, for the most massive degenerate scenario we
consider, mνi = 0.8eV , (which is compatible with terrestrial experiments) the bound neutrino mass interior
to r∗ can reach ∼ 10% of the total CDM mass interior to r∗ and nearly ∼ 20% of the halo mass (the CDM
mass within the smaller radius Rc). Also plotted in Fig. 5 is a subset of the neutrino trajectories contributing
to δMν,bound: most orbiting neutrinos remain within (few)×Rc, but some trajectories do explore larger radii
closer to r∗.
C. Full Boltzmann solution
The approximate solution in §III A does not accurately treat the bound neutrinos. As we have seen in
§III B, bound neutrinos can be a significant contribution to the total δMν around the halo. In this section
we sample the initial neutrino phase space and numerically integrate the trajectories in the external halo
potential to determine the neutrino clustering (similar to the “N-1-body” approach of [28, 36]). Here, our
only approximation is to assume that the change to the CDM halo potential due to neutrino clustering can
be ignored when calculating the neutrino trajectories.
Precisely, our method here is as follows. At t = 1.5tNR, where tNR is defined as the time at which
p/mν < 0.05, we numerically integrate Eq. (1) with initial positions and momenta taking values on a uniformly
spaced grid in ri, pi. The ranges of ri and pi are determined by the unperturbed neutrino distribution function
in Eq. (11) and the range of positions between the halo origin and the maximum travel distance between 1.5tNR
and t for the bin with highest initial momentum. From this grid of trajectories we can compute properties of
the neutrino distribution at later times by numerically integrating over the volume of initial phase space that
satisfies our criterion (e.g. the trajectories from that volume that are within r∗ at time t). For the neutrino
mass interior to r∗ we have,
Mν(< r∗, t) =
∫
d3ri
∫
d3pi
(2pi)3
f0(pi)Θ (|r(t|ri,pi)| < r∗) . (23)
This calculation is computationally intensive and for smaller halo masses and smaller neutrino masses it is
increasingly difficult to achieve sufficient sampling of the initial phase space for convergence. Fortunately
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FIG. 6: Left columns: The total neutrino mass interior to the CDM halo radius Rc calculated using the approximate
solution to the Boltzmann equation in §IIIA (yellow) and the full Boltzmann solution (red curves). Right columns:
The total neutrino mass interior to r∗ (see Eq. (6)) calculated using the approximate solution to the Boltzmann
equation in §IIIA (yellow) and the full Boltzmann solution (red curves). Also plotted is the accreted bound neutrino
mass calculated using the absorbing barrier model given in §III B (green curves). In each panel M = 1015M⊙ and the
halo collapses at zcollapse ∼ 0.5, or t ∼ 8.5Gyrs. Each row shows the clustering of a single neutrino species with mass
mν = 0.20eV (top), 0.40eV (middle), and 0.60eV (lower). The blue curves are tests of the full Boltzmann code for the
mass interior to Rc or r∗ assuming no halo is present. We also plot some convergence tests: the dashed and dotted
curves use our full Boltzmann calculation with half the number of points in initial comoving radial position (dashed)
and peculiar velocity magnitude (dotted).
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FIG. 7: Left: The total fluctuation in neutrino mass interior to r∗ at z = 0. Shown is δMν(< r∗) as a function
of halo mass M for several neutrino mass hierarchy scenarios indicated by different color lines. From bottom top
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degenerate mνi = 0.6eV , degenerate mνi = 0.8eV ). At a fixed redshift (above z ∼ 0), the neutrino mass fluctuation in
a given halo depends on the time of halo collapse, shown above are zcollapse ∼ 1 (dot-dashed), zcollapse ∼ 0.5 (dashed),
and zcollapse ∼ 0 (solid). Right: The fraction of the total neutrino mass interior to r∗ that is bound to the halo.
these are precisely the scenarios in which we expect the BKT approximation to be accurate. As a test of
our calculations we use the same method to determine the neutrino mass interior to r∗, Rc in the absence
of the halo potential, that is, if our calculation has converged we should recover M¯ν(< r∗) = 4/3pir
3
∗ρ¯ν ,
M¯ν(< Rc) = 4/3piR
3
c ρ¯ν .
In comparing this “full Boltzmann” calculation to the BKT approximation in §III A we find that for mν ∼<
0.2eV andM ∼< 1014M⊙, the BKT approximation for δMν(< r∗) is accurate to about ∼ 10%. In Fig. 6 results
for mν = 0.2eV , mν = 0.4eV and mν = 0.6eV are plotted. For larger neutrino masses and larger halo masses,
the BKT approximation can underestimate the neutrino mass within r∗, but in no case that we consider isMν
off by more than ∼ 50% today (even for mν = 0.8eV and M = 1015M⊙ the error in δMν(< r∗) is ∼ 50%). In
the extreme Λ-dominated future the BKT approximation is worse: the true δMν(< r∗) approaches a constant
while in the BKT calculation δMν continues to fall. As noted by others [28, 36], the BKT approximation
underestimates the neutrino mass fluctuation on the smaller scale of the halo radius Rc by a large amount.
The BKT approximation underestimates δMν(< Rc) by nearly a factor of 3 for mν = 0.4eV and an order of
magnitude for mν = 0.8eV . However, for values of the neutrino mass that are within the current cosmological
bounds, mν ∼< 0.2eV say, the BKT approximation is accurate to about a factor of 2 even on the scale Rc.
IV. RESULTS FOR THE NEUTRINO MASS AROUND SPHERICAL HALOS
In Fig. 7 we plot our final results for the neutrino mass interior to r∗, our definition of the boundary of the
neutrino halo, and the fraction of that mass that is bound to the halo at late times. To calculate the total
neutrino mass, we use the BKT approximation of §III A for mν ≤ 0.1eV , while for mν = 0.2eV , we use the
BKT approximation for M = 1013M⊙, 10
14M⊙ but the exact Boltzmann calculation of §III C for M = 1015,
and for mν ≥ 0.4eV we use the BKT only for Mhalo = 1013M⊙ and the full Boltzmann calculation in all
other cases. For the accreted bound mass we use Eq. (18) with an unperturbed Boltzmann distribution for
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mν ≤ 0.1eV , but include a perturbation calculated from the BKT approximation in Eq. (14) for mν = 0.2eV
and M = 1015M⊙, as well as for mν ≥ 0.4eV when M = 1014M⊙, 1015M⊙. We calculate the neutrino mass
fluctuation interior to CDM halos with a range of halo masses and collapse times. For neutrinos with masses
mνi ∼< 0.2eV , δMν(< r∗) does not vary strongly with redshift and our calculations of the neutrino mass within
r∗ today are well approximated by
δMν(< r∗, t0) ≈
∑
i
(
3.4× 109M⊙
) ( mνi
0.05eV
)2.6( M
1014M⊙
)1.5
(24)
where M is the mass of CDM. For the same mass range, the bound neutrino mass today is well approximated
by
δMν(< r∗, t0)|bound ≈
∑
i
(
1.2× 108M⊙
) ( mνi
0.05eV
)3.8( M
1014M⊙
)1.9
. (25)
For larger neutrino masses, both δMν(< r∗, t0) and δMν(< r∗, t0)|bound depend more strongly on the redshift
of halo collapse and, the dependence on mν and M is more complicated than the product of power laws given
above. For instance, for mν ∼> 0.4eV , δMν(< r∗, t0) varies by a factor of O(1) between halos that collapse at
z ∼ 0 and z ∼ 1.5, with the larger changes occurring for high mass halos and larger neutrino masses.
V. CONCLUSION
We have investigated neutrino clustering in the simplest model of halo formation: the spherical collapse
model for an isolated halo. The methods of analysis here can straightforwardly be applied to more realistic
models of dark matter halos if the form of the halo potential is given. However, even in this simple model
the neutrino halos are comparatively more complicated than the dark matter and there are several interesting
takeaway lessons. First, the physical extent of the neutrino halo is significantly larger than the virial radius
of the dark matter halo – a factor of ∼ 8 for a virialized halo during matter domination. Despite the fact that
the neutrino mass contributes only a small fraction to the total mass of the halo, the neutrino mass is more
spatially extended and, in this simple model, the neutrino density perturbation dominates over CDM density
perturbation at large distances. While it would be extremely challenging to detect the neutrino halo, it is at
least in principle possible with weak gravitational lensing [43]. This result for spherical halos is in qualitative
agreement with the results of [37], who found that at large radii the neutrino density profile around CDM
halos in their simulations can be fit by δρν ∝ r−α with α ∼ 1, whereas CDM at those distances follows an
NFW profile with δρc ∝ r−3. Another point is that the total neutrino mass that remains bound around the
halo is a weak function of the halo collapse time with halos that collapse earlier accumulating neutrino mass
(see Fig. 7).
For neutrino masses that are well within the cosmological bounds (mν ∼< 0.1eV , say) the total neutrino
mass and bound neutrino mass interior to r∗ does not vary too much with the halo collapse time. We have
provided power law fitting formulae for both δMν(< r∗) and δMν(< r∗)|bound in Eq. (24) and Eq. (25) that
are accurate to ∼ 20% and ∼ 35% respectively for mν,i ∼< 0.2eV across the range of halo masses and collapse
redshifts that we have considered in Fig. 7. While r∗ is a more appropriate characterization of the radius
of the neutrino halo the neutrino mass interior to the virial radius of CDM may be of interest as well. We
caution that to determine δMν(< Rc) to within O(1), solving the full Boltzmann equation is necessary (see
Fig. 6).
In this paper we have considered isolated halos that are at rest with respect to the cosmological frame.
However, for a halo in a network of large scale structure there may be important changes. First, for a halo in
the cosmic web the gravitational effects of nearby structure may truncate the neutrino halo at a radius smaller
than our quoted r∗ (which was set by the scale where cosmic expansion becomes important). Additionally,
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neutrinos that cluster around a halo originate at great distances from the halo itself (of order H−10 , see Fig. 3),
therefore the distribution of neutrinos reaching the halo should be nearly isotropic in the cosmological frame
– as we have calculated here (isotropy of neutrino velocity field around the halo is also seen in the simulations
of [37]). On the other hand, the cold dark matter that composes most of the halo mass comes from just a
few comoving Mpc around the halo and can therefore have large angular momentum and bulk velocity in
comparison with that of the neutrinos. A halo moving with a bulk flow, will then see a dipolar distribution
of neutrinos, leading to a relative velocity effect for neutrinos and CDM akin to the baryonic relative velocity
effect of [44]. A study of bulk motions on neutrino clustering will be presented elsewhere [45].
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Appendix A: Geodesic equation for massive neutrinos and the Newtonian limit
Let’s start by considering the trajectory of a single neutrino in an expanding Universe with a spherical
CDM density perturbation described by potentials Φ and Ψ. The metric is
ds2 = −(1 + 2Ψ(r
¯
, t
¯
))dt
¯
2 + a2(t
¯
)(1 + 2Φ(r
¯
, t
¯
))(dr
¯
2 + r
¯
2dΩ2) (A1)
where the underbars distinguish comoving coordinates (r
¯
, t
¯
) from proper coordinates (r, t) used in the rest of
the paper.
The momentum measured by a comoving observer is pi = aE(1 + Φ−Ψ)dx
¯
i/dt
¯
where E2 = m2 + p2. The
time component of the geodesic equation gives the evolution of the energy (dt
¯
/dλ = (1−Ψ)E). For an initially
radial path, this becomes
1
E
dE
dt
¯
+ ∂r
¯
Ψ
dr
¯
dt
¯
+ a2 (H(1 + 2Φ− 2Ψ) + Φ′)
(
dr
¯
dt
¯
)2
= 0 . (A2)
or
dp
dt
= −pH− pΦ′ − E
a
pˆi∂iΨ (A3)
where ′ = ∂/∂t
¯
andH = a′/a. For a particle on a radial trajectory the spatial geodesic equation in combination
with Eq. (A2) gives,
d2r
¯
dt
¯
2 + 2(H+Φ′)
(
1− a
2
2
(1 + 2(Φ−Ψ))
(
dr
¯
dt
¯
)2)
dr
¯
dt
¯
−Ψ′ dr¯
dt
¯
+
1
a2
∂r
¯
Ψ
(
1− 2a2
(
dr
¯
dt
¯
)2)
+ ∂r
¯
Φ
(
dr
¯
dt
¯
)2
= 0 .
(A4)
Defining the peculiar velocity u = a(1 + Φ−Ψ)dr
d¯t
¯
and γ = 1/
√
1− u2, the above can be rewritten in a more
compact form,
d
dt
¯
(γu) = −γ
(
(H +Φ′)u+ 1
a
∂r
¯
Ψ
)
. (A5)
which is the equation of motion for a relativistic point particle with a friction term −γ(H+Φ′)u.
15
Given Φ(r
¯
, t
¯
), the initial position and velocity, the above can be integrated numerically to give particle
trajectories. Notice that the particle mass doesn’t appear in Eq. (A5), so the only difference for relativistic
and non-relativistic particles is in the initial conditions for dr
¯
/dt
¯
. We found that it is numerically more stable
to solve for p from Eq. (A3) and dr
¯
/dt
¯
= p/aE(1 − Φ + Ψ), which includes the mass dependence and forces
−m2 = p2 − E2 at each time step.
To make contact with the Newtonian equation of motion given in Eq. (1) we first take the non-relativistic
limit of Eq. (A5) (i.e. drop terms O(u2))
du
dt
¯
= −(H+Φ′)u− 1
a
∂r
¯
Ψ . (A6)
Now define the proper distance r = a(1 + Φ)r
¯
and proper time dt = (1 + Ψ)dt
¯
. The proper velocity is then
v ≡ dr
dt
= Hr + Φ˙r + u+ r2H∂rΦ+ ur∂rΦ (A7)
where ˙ = ∂/∂t, the derivative with respect to proper time at fixed proper distance (related to the time
derivative at fixed comoving distance through ∂t
¯
= ∂t − rH∂r). Substituting Eq. (A7) into Eq. (A6) gives
dv
dt
=
(
H˙ + Φ¨ +
(
H + Φ˙
)2)
r − ∂rΨ+O(r2H2) . (A8)
The O(r2H2) terms can be safely neglected for dynamics on scales small compared to the horizon. Further
dropping the Φ˙ and Φ¨ terms gives
dv
dt
=
(
H˙ +H2
)
r − ∂rΨ (A9)
as stated in Eq. (1).
Now we ask whether it is justified to use the Newtonian equation of motion. From Eq. (A3) the change in
momentum due to the gravitational potential of the halo is ∆p/p ∼ E2/p2∆Ψ where p, E are the momentum
and energy of the neutrino when it enters the potential and ∆Ψ = ∆r∂rΨ. Roughly, an order unity change in
the momentum (needed if the particle is to turn around) is generated when u2 = p2/E2 < Ψ. Since Ψ ∼ 10−5,
neglecting the O(u2) terms is justified [47]. Figure 8 shows this explicitly: the fractional change in momentum
is small for neutrinos that reach the halo with u2 ∼> Ψ. In Fig. 8 we also show neutrino trajectories calculated
with exact relativistic expression Eq. (A5) and the Newtonian approximation Eq. (1) – there is no visible
difference for the range of times and momenta we are interested in.
Appendix B: Criterion for an individual neutrino to be bound
We want a simple condition to test whether a particle passing through Rν or r∗ will remain bound to the
halo (i.e. remain orbiting within Rν or r∗). Define the energy per unit mass along each trajectory by
E(r, v, t) =
1
2
|v|2 − 1
2
(
H˙ +H2
)
r2 +Ψpec(r, t) . (B1)
The explicit time dependence of the background, ΨH(r, t), means that even if the peculiar gravitational
potential Ψpec is static, the energy of particles is not conserved.
A particle orbiting in the halo with orbital radius Rν will have v = 0 at turnaround (r = Rν), therefore
the energy of the orbit is
Ecrit(Rν , t) = ΨH(Rν , t) + Ψpec(Rν , t) (B2)
=
3GδM
2Rc
(
1− 2
3
Rc(t)
Rν(t)
(
1 +
a¨
2|a¨|
))
. (B3)
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FIG. 8: Left: Fractional change in momentum due to a potential Ψ for a neutrino with mν = 0.2eV and p = Tν/a,
calculated with Eq. (A3) with the initial condition ∆p(tinitial) = 0 (here at tinitial = 10
−5Gyrs). The different colors
are for neutrinos encountering the potential at different times (the solid circle indicates the time when that neutrino
reaches the center of the potential, r = 0). Right: A comparison of the trajectories calculated using the full relativistic
equation of motion, Eq. (A5) (shown in sold colors) and the Newtonian approximation Eq. (1) (barely visible black
dotted lines appearing on top of the solid lines). The solid black line shows the radius of the halo Rc(t).
After virialization this critical energy approaches constant values for both EdS (Ωm = 1) and ΛCDM universes:
Ecrit → 32GM/Rc in EdS and Ecrit → 32GM/Rc(1− (8piρΛ/(3M))1/3Rc) in ΛCDM . A particle with orbital
radius r∗ will have
Ecrit(r∗, t) =
3GδM
2Rc
(
1− 1
3
Rc(t)
r∗(t)
(
1− 3P
ρ
))
, (B4)
if t∗ is the time when r(t) = r∗ and v∗ = v(t∗). Note that to be entering the radius r∗ between t∗ and t∗+∆t
we need
r(t∗ +∆t) ≤ r∗(t∗ +∆t)→ v∗ ≤ dr∗
dt
. (B5)
To determine the bound criterion on the peculiar velocity of particles reaching r∗ we numerically integrate
the trajectories for neutrinos with a range of peculiar velocities and determine which neutrinos remain bound
at late times. Our definition of a neutrino that is“bound at late times” is that the neutrino trajectory satisfies
r(tlate) < Rν(tlate) and E(tlate) < Ecrit(Rν , tlate). For tlate ∼> 20Gyrs (after which ΩΛ ∼> 0.9) our results are
insensitive to the precise value of tlate. We then determine the range of peculiar velocities of particles crossing
r∗ at each t that are bound at late times. Our results are plotted in Fig. 9. We see that, as expected, neutrino
accretion is truncated around the time when a¨/a→ 0. Another visible feature is that, just before tturn−around
(the time when Rc turns around in spherical collapse) the region in velocity space is disjoint. From studying
individual particle trajectories, we found that the particles in the lower disjoint region are neutrinos traveling
through the halo during collapse, so we attribute the appearance of the lower region to the time changing
potential during collapse.
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FIG. 9: The black dotted area indicates the range of comoving velocities of neutrinos of mass 0.2eV at the time they
crossed r∗ that remain bound within the halo. Each column shows the critical velocities for a fixed halo, each halo
has the same mass , M = 1014M⊙ but a different time evolution, the turn around time R˙c(tturn−around) → 0 is
indicated by the solid vertical line, from left to right: tturn−around ≈ 2.9Gyrs, the middle tturn−around ≈ 4.2Gyrs,
tturn−around ≈ 6.8Gyrs (corresponding to zcollapse ≈ 1, 0.5, 0 respectively). Each row shows trajectories with fixed
incident angle with respect to rˆ. From top to bottom µ = 1, µ = 0.6, µ = 0.3 where µ ≡ rˆ · uˆ. The black regions are
centered around the line u = r∗H(t∗)µ (black curves). The time at which a¨/a changes sign is shown by the vertical
dotted line. The vertical blue dotted line indicates the time at which Ωcδ ∼ 1. For Ωcδ > 1 the peculiar velocity due
to the halo is larger than the Hubble flow for r < r∗, but if Ωcδ < 1 the Hubble velocity dominates at all radii (see
§II, Eq. (4) and Eq. (6)).
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